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Abstract. We present systematic proofs of statements about probability represen-
tations of qu-Nit density states, which are Hermitian trace-one nonnegative matrices;
these properties provide new relations and new entropic-information inequalities for
the matrices. We give a rigorous proof of the expression of mentioned N×N -matrices
in terms of standard probability distributions of dichotomic random variables. The
examples of 3×3- and 4×4-matrices are considered, and new properties of roots of the
characteristic polynomial associated with trace-one nonnegative Hermitian matrices
are provided.
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Introduction
Quantum states are associated with vectors of a Hilbert space or with density
operators acting on it [1]-[9]. In either case, states may be considered as “probability
amplitudes". The tomographic-probability picture of quantum states, where the
states are identified with tomographic-probability distributions (quantum tomograms)
of homodyne quadrature components for continuous variables or spin tomographic-
probability distributions for discrete spin-projection variables, was discussed in [10]-[14].
Optical tomograms for systems with continuous variables were measured in
experiments [15, 16], where the Wigner function of photon states was reconstructed,
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in view of the relation between the tomogram and the Wigner function through the
Radon transform [17] found in [18, 19]. The Wigner function was identified with the
quantum state, and the tomogram was used as a technical tool to find this state, i.e.,
to obtain the Wigner function.
In [10], the symplectic-tomographic-probability distribution of the photon
quadrature was introduced — it contains the same information on the states as
the optical tomogram does. Also in [10], tomographic-probability distributions were
suggested to be interpreted as a primary notion of photon states. The states in
such a tomographic picture are considered as probability-distribution functions, i.e.,
fair probability distributions, which provide a “classical-like” description for quantum
states analogous to the classical ones usually considered in statistical theories. The
tomographic picture of spin states was constructed in [11, 12]; see also the review [13].
Recently [20]-[28], the possibility to parameterize density matrices of qu-Nit states
(N -level atom states, spin states) by sets of dichotomic probability distributions was
proposed and developed in [10]-[14].
The aim of this work is to provide general statements about the probability
description of qu-Nit states by means of dichotomic probabilities and rigorously prove
new properties of nonnegative trace-one Hermitian matrices. Aspects of these matrices
are discussed in [29]. Here, we prove that an arbitrary N×N density matrix can be
parameterized by (N2−1) probability distributions of dichotomic random variables. Also
we prove that any N×N density matrix, where N = nm, can determine a n×n and an
m×m density matrix. Using this result, we obtain new entropic-information inequalities
among matrix elements of an arbitrary matrix ρ, such that ρ† = ρ, Tr ρ = 1, and ρ ≥ 0.
In addition, we obtain new inequalities for characteristic polynomials associated with
such matrices. We illustrate some of these claims in the case of qu-bit and qu-trit density
matrices.
The paper is organized as follows.
In section 1, we exhibit the dichotomic probability representation of qu-bit and
qu-trit states. In section 2 we generalize the dichotomic probability representation to
qu-Nit states. In section 3 we illustrate a reduction procedure to construct two types
of new density states from a N = nm-dimensional starting one, with dimension n and
m respectively. In section 4 we obtain some new entropic inequalities for the matrix
elements of density states, as spin off of the approach developed. We give our conclusions
in section 5.
1. Quantum states and probability vectors
Quantum states and probability vectors of dichotomic observables can be considered
within the probability representation of quantum mechanics, where the states are usually
considered to be probability amplitudes, whose “squares” give fair probabilities. For
simplicity, we restrict our considerations to finite-dimensional Hilbert spaces.
Let H be the Hilbert space associated with our quantum system. If |ψ〉 ∈ H and
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|e1〉, |e2〉, . . . , |en〉 is an orthonormal basis, we can associate a matrix with |ψ〉:
‖ψ(e)jk ‖ =
∥∥∥〈ej|ψ〉〈ek|ψ〉〈ψ|ψ〉
∥∥∥. (1)
The diagonal elements {ψ(e)jj } represent a probability distribution with n components;
ψ
(e)
jj ≥ 0 and
∑
j ψ
(e)
jj = 1. It is a probability distribution on the set {1, 2, . . . , n}, we
call it a probability vector.
If we select a different orthonormal basis, say, |f1〉, |f2〉, . . . , |fn〉, we associate with
|ψ〉 a different matrix
‖ψ(f)jk ‖ =
∥∥∥〈fj |ψ〉〈fk|ψ〉〈ψ|ψ〉
∥∥∥. (2)
Again, the diagonal elements provide a new probability vector, a new probability
distribution on the set {1, 2, . . . , n}.
Thus, with a given vector, depending on the chosen basis, we associate a family of
probability distributions on the set {1, 2, . . . , n}. As a matter of fact, with a given |ψ〉 but
using different orthonormal bases, one can obtain all possible probability distributions.
As a matter of fact, given a probability vector, say (p1, p2, . . . , pn), it is possible to find
a whole family of states corresponding to the same probability distribution; indeed, in
the given basis we would have |ψ〉 = ∑j√pjeiϕj |ej〉, where ϕj is completely arbitrary,
by using different bases we would get different vectors |ψf 〉 =
∑
j
√
pje
iϕj |fj〉.
We notice that all matrices we build are rank-one Hermitian matrices of trace one.
The identification of the probability distribution with the diagonal of the matrix
associated with a given vector |ψ〉 shows also that the association disregards all “off-
diagonal” elements, i.e., not only rank-one matrices but also matrices with higher rank,
as long as the diagonal is unchanged, will give rise to the same probability distribution.
The probability distributions associated with every vector by means of different
bases are called tomograms; indeed, tomography consists of reconstructing the state
when a sufficient set (a “quorum”) of tomograms is provided. Such tomograms of spin
states were studied, e.g., in [30, 31]. The spin tomography was discussed in [10, 11]; see
also the review [32].
Having stressed that alternative states, both pure and mixed, may give rise to the
same probability distribution, it is quite surprising and highly not trivial that by giving
a sufficient set of probability distributions thought of as related to the same state, we
are able to reconstruct uniquely the state, be it pure or mixed.
Let us identify the mathematical ingredients of previous construction. We have first
the association of a rank-one projector with every vector, say, |ψ〉 → |ψ〉〈ψ|〈ψ|ψ〉 = ρψ. Next,
the selection of a basis in H provides a resolution of the identity, say, 1 = ∑j |ej〉〈ej|
and, moreover, allows for the construction of a basis of Hermitian matrices, specifically,
|ej〉〈ej|, |ej〉〈ek|+ |ek〉〈ej |, i(|ej〉〈ek| − |ek〉〈ej|), |ek〉〈ek|.
Thus, in each “(j, k)-plane” we build a basis of u(2) Lie algebra out of any orthonormal
basis.
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The Weyl basis {|ej〉〈ek|} allows for the construction of the matrix associated with
any vector |ψ〉; we have ψjk = Tr
( |ψ〉〈ψ|
〈ψ|ψ〉 |ej〉〈ek|
)
.
The association of a probability distribution with ρψ only uses diagonal
elements {|ej〉〈ej|}; thus, we need a sufficient number of independent bases so
that by means of the diagonal elements associated with the various bases, say,
[ {|ej〉〈ej|} , {|fj〉〈fj, |} , . . . , {|kj〉〈kj, |} , . . . ], we may generate a basis of rank-one
operators.
In order to fully reconstruct a state we need n2 − 1 = (n − 1)(n + 1) parameters.
On using resolutions of the identity∑
j
|fj〉〈fj| =
∑
j
|ej〉〈ej| = · · · =
∑
j
|kj〉〈kj| = 1,
the independent diagonal elements associated with every basis are (n − 1) in number;
therefore we need (n + 1) of such independent families.
Since orthonormal bases may be constructed by means of normalized eigenvectors
of a generic observable A with simple eigenvalues, to obtain full information on the
quantum state, we can measure (n + 1) independent families of (n − 1) pairwise
commuting observables, which are independent. From each family, it would be enough
to measure just one observable which has a non degenerate spectrum.
Remark: By using the expectation value functions, eA(ψ) =
〈ψ|A|ψ〉
〈ψ|ψ〉 , we may define
the independence to be the functional independence of the expectation value functions
associated with every observable of the pairwise commuting family.
To nail down these general considerations, we consider two examples, namely, a
qu-bit and a qu-trit.
1.1. The qu-bit case
Here, n = 2 and H = C2. We have to measure n + 1 = 3 independent families of
n− 1 = 1 commuting observables, which we choose to be the Pauli matrices σ1, σ2, and
σ3, which are Hermitian operators in the space of 2×2 matrices. Clearly, each Pauli
matrix will define a basis.
For the observable associated to σ3 =
(
1 0
0 −1
)
we have
|f+3 〉 =
(
1
0
)
, |f−3 〉 =
(
0
1
)
. (3)
The two vectors |f+3 〉 =
(
1
0
)
and |f−3 〉 =
(
0
1
)
, being orthonormal eigen-vectors for
σ3, determine rank-one projectors Πˆ
+
3 , Πˆ
−
3
Πˆ+3 = |f+3 〉〈f+3 | =
(
1 0
0 0
)
, Πˆ−3 = |f−3 〉〈f−3 | =
(
0 0
0 1
)
(4)
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besides the matrices
Πˆ±3 = |f+3〉〈f−3| =
(
0 1
0 0
)
, Πˆ∓3 = |f−3〉〈f+3| =
(
0 0
1 0
)
. (5)
Altogether they form a basis in the linear space of 2×2-matrices.
For the observable associated to σ1 =
(
0 1
1 0
)
the orthonormal eigenvectors are
|f+1 〉 =
1√
2
(
1
1
)
, |f−1 〉 =
1√
2
(
1
−1
)
, (6)
They determine the rank-one projectors Πˆ+1 , Πˆ
−
1
Πˆ+1 = |f+1 〉〈f+1 | =
(
1/2 1/2
1/2 1/2
)
, Πˆ−1 = |f−1 〉〈f−1 | =
(
1/2 −1/2
−1/2 1/2
)
(7)
and the matrices
Πˆ±1 = |f+1〉〈f−1| =
(
1/2 −1/2
1/2 −1/2
)
, Πˆ∓1 = |f−1〉〈f+1| =
(
1/2 1/2
−1/2 −1/2
)
(8)
yielding another basis in the linear space of 2×2-matrices.
Finally, for the observable associated to the Pauli matrix σ2 =
(
0 −i
i 0
)
, the
orthonormal basis of eigenvectors is
|f+2 〉 =
1√
2
(
1
i
)
, |f−2 〉 =
1√
2
(
1
−i
)
. (9)
They determine the rank-one projectors Πˆ+2 , Πˆ
−
2 ;
Πˆ+2 = |f+2 〉〈f+2 | =
(
1/2 −i/2
i/2 1/2
)
, Πˆ−2 = |f−2 〉〈f−2 | =
(
1/2 i/2
−i/2 1/2
)
(10)
and the matrices
Πˆ±2 = |f+2 〉〈f−2 | =
(
1/2 i/2
i/2 −1/2
)
, Πˆ∓2 = |f−2 〉〈f+2 | =
(
1/2 −i/2
−i/2 −1/2
)
. (11)
which form yet another basis in the linear space of 2×2-matrices. We introduce for
future convenience a compact notation for all rank one-projectors, namely
Πˆ+a =
1
2
(σ0 + σa); Πˆ
−
a =
1
2
(σ0 − σa). (12)
For each one of these bases, by using just rank-one projectors over positive eigenstates,
we may associate two-dimensional probability vectors, say, (p1, 1 − p1); (p2, 1 − p2);
(p3, 1− p3) to a given state ρ, be it pure or mixed. We have indeed
p1(ρ) = Tr ρΠˆ
+
1 , p2(ρ) = Tr ρΠˆ
+
2 , p3(ρ) = Tr ρΠˆ
+
3 , (13)
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and analogous relations for 1−pi in terms of rank-one projectors of negative eigenstates.
Eqs. (13) define genuine probabilities 0 ≤ pi ≤ 1 because ρ is a positive Hermitean
matrix while Πˆ+a are rank-one projectors.
In order to discuss the dependence of the dichotomic probability representation on
the choice of rank-one projectors, let us observe that Eq. (12) for Πˆ+a may be rewritten
in the following form
Πˆ+a =
1
2
(σ0 + ~xa · ~σ), (~xa)j = δaj , a, j = 1, 2, 3. (14)
This implies that, upon rotation of the three vectors ~xa, we obtain rotated projectors
(Πˆ+a )
′. By means of the standard double covering of SO(3) by SU(2), we have indeed
~x′a = R~xa −→ (~xa · ~σ)′ = U(~xa · ~σ)U †, R ∈ SO(3), U ∈ SU(2) (15)
so that
(Πˆ+a )
′ = UΠˆ+a U
† (16)
and
p′a(ρ) = Tr ρ(Πˆ
+
a )
′ = TrU †ρUΠˆ+a (17)
yielding the transformation law of the of dichotomic probabilities under rotation of rank-
one projectors. This result can be easily generalized to the N -dimensional case, as we
shall see in next section.
By means of these dichotomic probabilities it can be easily checked by direct
computation that we can reconstruct the state by setting
ρ = (σ0/2) + (p1 − 1/2)σ1 + (p2 − 1/2)σ2 + (p3 − 1/2)σ3. (18)
We notice, although trivial for N = 2, that the latter is equivalent to the tomographic
approach, where, given a state
ρ =
1
2
(σ0 + ~y · ~σ) (19)
we have the tomographic relation (see for example [14])
yj = 2(Wj − 1
2
) (20)
with Wj = pj , j = 1, .., 3, the tomographic probabilities.
Conversely, given a family of dichotomic probabilities (pj, 1 − pj), j = 1, .., 3, Eq.
(18) can be chosen as a definition of a mixed state ρ. Indeed, the latter is Hermitean
and can be checked to verify Tr ρ = 1. Moreover, its determinant is nonnegative if the
coefficients satisfy the inequality
(p1 − 1/2)2 + (p2 − 1/2)2 + (p3 − 1/2)2 ≤ 1/4 (21)
If the dichotomic variables are not correlated, we have
(p1 − 1/2)2 + (p2 − 1/2)2 + (p3 − 1/2)2 ≤ 3/4, (22)
the only constraint being 0 ≤ pj ≤ 1, j = 1, 2, 3. Notice that the inequalities are also
satisfied if we use (1− pj) instead of pj .
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Eq. (18) describes a mixed state in terms of tomograms. If the inequality is
saturated, we are dealing with pure states, i.e., ρ2 = ρ.
Thus, out of three dichotomic probability distributions, we have been able to
characterize a state.
Finally, in order to make contact with the coming sections and make it easier to
generalize the results to higher dimensions, it is useful to rewrite Eq. (18) in the Weyl
basis for u2. To this, let us introduce an orthonormal basis in C
2, say {|e1〉, |e2〉}. The
Weyl basis is represented by rank-one operators
Ejk = |ej〉〈ek|, j, k = 1, 2. (23)
By expressing the Hermitian u2 generators in terms of the latter
1
2
σ0 =
1
2
(E11 + E22),
1
2
σ3 =
1
2
(E11 −E22)
1
2
σ1 =
1
2
(E12 + E21),
1
2
σ2 =
i
2
(E12 −E21) (24)
Eq. (18) may be rewritten according to
ρ = E11p3 + E22(1− p3)
+ E12
[
(p1 − 1
2
)− i(p2 − 1
2
)
]
+ E21
[
(p1 − 1
2
) + i(p2 − 1
2
)
]
. (25)
We notice, for future convenience, that the diagonal elements are directly expressed in
terms of the diagonal rank-one projectors associated to σ3, it being
E11 = Πˆ
+
3 ; E22 = Πˆ
−
3 . (26)
Moreover the pertinent matrix entries ρjj are completely determined by either the
positive-eigenvalue projector or the negative one, it being
p3 = Tr(ρΠˆ
+
3 ); 1− p3 = Tr(ρΠˆ−3 ). (27)
Therefore we can rewrite the state ρ as follows
ρ = p3E11 + (1− p3)E22 +
∑
j 6=k
ρ(jk)Ejk (28)
with
ρ(jk) = Tr ρETjk. (29)
This remark will be relevant for higher levels systems.
1.2. The qu-trit case
According to our previous considerations and notation, here N = 3, the Hilbert space is
H ≡ C3 and we have to measure N+1 = 4 independent families of N−1 = 2 commuting
observables, which, as for the two-levels system, can be chosen to be a Cartan subalgebra
of the relevant Lie algebra, here u(3), in four different realizations. For each choice of
Cartan subalgebra, to which we add the identity, their joint diagonalization yields three
eigenvectors, which play the role of the eigenvectors of Pauli matrices in the previous
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subsection. This is the tomographic approach, which allows to reconstruct the state as
it is detailed in [14].
Such a procedure becomes however difficult to apply in practice with increasing
number of levels. The approach we want to pursue in this paper is, instead, to use our
knowledge of the two-levels system and characterize all parameters of a qu-dit state in
terms of dichotomic probabilities which are reconductible to the u(2) subalgebras of the
relevant u(n).
To this, let us consider an orthonormal basis in C3, say |e1〉, |e2〉, |e3〉 and let us
construct for u(3) the Weyl basis of rank-one operators, Ejk = |ej〉〈ek|, j, k = 1, .., 3
|e1〉〈e1| |e1〉〈e2| |e1〉〈e3|
|e2〉〈e1| |e2〉〈e2| |e2〉〈e3| (30)
|e3〉〈e1| |e3〉〈e2| |e3〉〈e3|
all of them providing a representation of a pair groupoid [35, 36]. Let us notice that an
alternative basis for u(3) is represented by the eight Gell–Mann matrices λi to which we
add the identity. The latter, which was used in [14], is however not convenient for the
present purposes, and, once again, not immediately generalizable to higher dimensions.
It is now easy to see that, in a natural way, we have the possibility to define three
different u(2) bases, namely,
u(2)12 : {|e1〉〈e1|, |e1〉〈e2|, |e2〉〈e1|, |e2〉〈e2|}
u(2)13 : {|e1〉〈e1|, |e1〉〈e3|, |e3〉〈e1|, |e3〉〈e3|}
u(2)23 : {|e2〉〈e2|, |e2〉〈e3|, |e3〉〈e2|, |e3〉〈e3|}
which are obtained by the array (30) removing, in the order, the third row and third
column, the second row and the second column, the first row and the first column.
For each u(2), namely, for each choice of (jk), j, k ∈ (1, 2, 3) and j < k, we can
realize Hermitean u2 generators Sµ, µ = 0, .., 3 acting on the (jk) plane, according to
S
(jk)
0 =
1
2
(Ejj + Ekk) S
(jk)
3 =
1
2
(Ejj − Ekk) (31)
S
(jk)
1 =
1
2
(Ejk + Ekj) S
(jk)
2 = −
i
2
(Ejk −Ekj) . (32)
Since
TrETjkEmn = δkmδjn (33)
the Hermitean u(2) generators S
(jk)
µ are orthonormal with respect to the scalar product
〈A|B〉 = TrA†B.
For each u(2) we can apply the procedure described in previous section to
obtain rank-one projectors. We consider the eigenvector |f+〉 of positive eigenvalue,
for each Hermitean generator of each u(2) algebra, namely: |f (12)1 〉, |f (12)2 〉, |f (12)3 〉,
|f (13)1 〉, |f (13)2 〉, |f (13)3 〉, |f (23)1 〉, |f (23)2 〉, |f (23)3 〉 (where we have omitted the superscript +;
we could have chosen to work with the eigenvectors of negative eigenvalue, as shown in
the previous section) and we construct rank one-projectors
Πˆ(jk)a = |f (jk)a 〉〈f (jk)a | = S(jk)0 + S(jk)a , a = 1, .., 3 (34)
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which explicitly read
Πˆ
(12)
1 =

 1/2 1/2 01/2 1/2 0
0 0 0

 , Πˆ(12)2 =

 1/2 −i/2 0i/2 1/2 0
0 0 0

 , Πˆ(12)3 =

 1 0 00 0 0
0 0 0

 ,
Πˆ
(13)
1 =

 1/2 0 1/20 0 0
1/2 0 1/2

 , Πˆ(13)2 =

 1/2 0 −i/20 0 0
i/2 0 1/2

 , Πˆ(13)3 = Πˆ(12)3 ,
Πˆ
(23)
1 =

 0 0 00 1/2 1/2
0 1/2 1/2

 , Πˆ(23)2 =

 0 0 00 1/2 −i/2
0 i/2 1/2

 , Πˆ(23)3 =

 0 0 00 1 0
0 0 0

 .
To these we associate the dichotomic probabilities (p
(jk)
a , 1− p(jk)a ) given by
p(jk)a = Tr ρΠˆ
(jk)
a = 〈f (jk)a |ρ|f (jk)a 〉. (35)
These are indeed real positive numbers not greater than one, because ρ is a positive
Hermitean matrix (a state), whereas Πˆ
(jk)
a are rank-one projectors (pure states).
Notice that these dichotomic probabilities refer to Πˆ+ projectors. Only for the qu-
bit case the second component of the probability vector, namely 1− p, can be obtained
by projecting the density state on Πˆ−. In general we have to choose either positive or
negative projectors to work. In this paper we use the positive ones.
In order to fully determine the state ρ we have to invert (35) for the matrix elements
of ρ. As for the diagonal entries, we observe that for the diagonal projectors it holds
Πˆ
(jk)
3 = Ejj, j < k (36)
namely, they are given by the diagonal elements of the Weyl basis, hence independent
on the index k, in the (jk) plane, as we can verify in the table above, where Πˆ
(13)
3 =
Πˆ
(12)
3 = E11. This implies that the probabilities p
(jk)
3 , j < k ≤ 3 only depend on the
first of the two indices, (jk), labelling the plane. We shall therefore use the notation
p
(jk)
3 → p(jj)3 , and, we derive, from (35), (36)
ρjj = p
(jj)
3 ; j = 1, 2 (37)
ρ33 = 1−
2∑
j
p
(jj)
3 (38)
where Tr ρ = 1 has been used.
As for the off-diagonal entries of the matrix ρ, according to Eq. (35) we have to
consider dichotomic probabilities associated to the off-diagonal projectors Πˆ
(jk)
a , a =
1, 2. These allow to determine the 6 off-diagonal entries ρjk by means of the relation
ρjk = Tr ρ
(jk)ETjk; j < k (39)
where we have introduced auxiliary qu-bit states ρ(jk) as follows
ρ(jk) = S
(jk)
0 +
[
2p
(jk)
1 − (p(jj)3 + p(kk)3 )
]
S
(jk)
1 − i
[
2p
(jk)
2 − (p(jj)3 + p(kk)3 )
]
S
(jk)
2 (40)
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Matrix elements ρjk, j > k are obtained by complex conjugation. Explicitly in terms of
the Weyl basis we have then
ρ = E11p
(11)
3 + E22p
(22)
3 + E33(1− p(11)3 − p(22)3 )
+
(
E12
[
p
(12)
1 −
1
2
(p
(11)
3 + p
(22)
3 )− i(p(12)2 −
1
2
(p
(11)
3 + p
(22)
3 ))
]
+ E13
[
p
(13)
1 −
1
2
(p
(11)
3 + p
(33)
3 )− i(p(13)2 −
1
2
(p
(11)
3 + p
(33)
3 ))
]
+ E23
[
p
(23)
1 −
1
2
(p
(22)
3 + p
(33)
3 )− i(p(23)2 −
1
2
(p
(22)
3 + p
(33)
3 ))
]
+ h.c.) . (41)
Similarly to the two-level system, the diagonal elements are associated to rank-one projectors
of positive eigenvalue of the observable S
(jk)
3 , except for ρ33 which is obtained by the others
through the constraint Tr ρ = 1.
2. qu-Nit generalization
For a system with N levels the Hilbert space H = CN is spanned by N orthonormal
vectors |e1〉, ..., |eN 〉. The Lie algebra u(N) can be described in terms of the Weyl basis
Ejk, j, k = 1, ..., N . As previously, we have N !/2 different u(2) subalgebras, labelled by (jk),
j 6= k, and associate with each of them the Hermitean generators
S
(jk)
0 =
1
2
(Ejj + Ekk) S
(jk)
3 =
1
2
(Ejj − Ekk) (42)
S
(jk)
1 =
1
2
(Ejk + Ekj) S
(jk)
2 = −
i
2
(Ejk − Ekj) (43)
acting on the (jk) plane. The eigenvalues of the operators S
(jk)
a are equal to +1/2 and −1/2.
They can be interpreted as spin projections along the x, y, z axes. For N -level atoms, these
eigenvalues and the corresponding eigenvectors may be related to jth and kth levels when other
levels are not excited.
Hence we construct the rank-one projectors relative to the positive eigenvalue of each
S
(jk)
a , a = 1, .., 3 generator according to
Πˆ(jk)a = |f (jk)a 〉〈f (jk)a | = S(jk)0 + S(jk)a , a = 1, .., 3. (44)
Out of the N !/2 different u(2) subalgebras, we select those labelled by (jk), with j < k.
They are N(N − 1)/2. Hence we compute
p(jk)a = Tr ρΠˆ
(jk)
a (45)
obtaining explicitly
p
(jk)
1 =
1
2
(ρjj + ρkk) + Reρjk (46)
p
(jk)
2 =
1
2
(ρjj + ρkk)− Imρjk (47)
p
(jk)
3 = ρjj. (48)
They define dichotomic probability vectors (p
(jk)
a , 1−p(jk)a ) for each a = 1, .., 3, and each couple
(j, k), j < k, corresponding to 3N(N −1)/2 probabilities. Then we observe, as in the previous,
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two- and three-dimensional cases, that the diagonal projectors Πˆ
(jk)
3 are independent of the
second index in any (jk) plane and coincide with the diagonal elements of the Weyl basis:
Πˆ
(jk)
3 = Πˆ
(jh)
3 = Ejj, k 6= h, j = 1, ..., N − 1 . (49)
This implies that, out of the N(N − 1)/2 probabilities p(jk)3 , only N − 1 are different. Thus
the total number of independent parameters is 2N(N − 1)/2 + N − 1 = (N + 1)(N − 1). In
other words, our choice of the u(2)(jk) subalgebras with j < k provides us with a quorum.
Summarizing, we are ready to state the following:
Theorem 2.1. Let ρ be a qu-Nit state and p
(jk)
a , a = 1, 2, 3, j < k = 1, ..., N dichotomic
probabilities, defined by Eq. (45).
(i) We have, for the diagonal elements
ρjj = Tr ρEjj = p
(jj)
3 , j = 1, ..., N − 1; ρN = 1−
N−1∑
j
p
(jj)
3 (50)
where we have re-labeled as previously p
(jk)
3 → p(jj)3 .
(ii) The off-diagonal elements are obtained by
ρjk = Tr ρ
(jk)ETjk, j < k (51)
with
ρ(jk) = S
(jk)
0 +[2p
(jk)
1 −(p(jj)3 +p(kk)3 )]S(jk)1 −i[2p(jk)2 −(p(jj)3 +p(kk)3 )]S(jk)2 1 ≤ j < k ≤ N(52)
auxiliary qu-bit states. The matrix elements ρkj are given by complex conjugation.
Proof. The first statement is an immediate consequence of Eq. (49). The second statement
can be checked by direct computation of the RHS of Eq. (51), on using the auxiliary qu-bits
(52) and Eqs. (44), (45).
In terms of the matrix elements obtained above in Eqs. (50), (51), the explicit form of the
density state ρ in the Weyl basis can be readily written down and the result is a straightforward
generalization of Eq. (41).
Let us now discuss in full generality the dependence of the dichotomic probability
representation on the choice of rank-one projectors. In the present case, for any (jk)-plane
we have
Πˆ(jk)a = S
(jk)
0 + ~xa · ~S(jk), (53)
with ~S(jk) = (S
(jk)
1 , S
(jk)
2 , S
(jk)
3 ) and (~xa)b = δab, a, b = 1, 2, 3.
As before, a rotation of the three vectors ~xa entails rotated projectors (Πˆ
(jk)
a )′. We have
indeed
~x′a = R
(jk)~xa −→ (~xa · ~S(jk))′ = U (jk)(~xa · ~S(jk))U (jk)†, R(jk) ∈ SO(3), U (jk) ∈ SU(2)(jk)(54)
so that
(Πˆ(jk)a )
′ = U (jk)Πˆ(jk)a U
(jk)† (55)
and
(p(jk)a )
′(ρ) = Tr ρ(Πˆ(jk)a )
′ = TrU (jk)
†
ρU (jk)Πˆ(jk)a (56)
yielding the transformation law of the of dichotomic probabilities under rotation of rank-one
projectors. Notice that, in order to preserve Eqs. (49) and (50) one has to choose one and the
same rotation, R(jk) = R, in any (jk)-plane.
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3. Reduction of the density matrix
We have shown in previous section that qu-Nit states can be described in terms of a set of
different (N2−1) dichotomic probabilities
(
p
(jk)
1,2,3, 1− p(jk)1,2,3
)
of classical-like random variables.
These probability distributions must satisfy the Silvester criterion of nonnegativity of the
density operator, ρ ≥ 0, i.e., eigenvalues of this operator must be nonnegative. Moreover
the principal minors of the operator ρ in an arbitrary orthogonal basis must be nonnegative.
In this section we shall illustrate how these inequalities give rise to quantum correlations
for the auxiliary qu-bits associated to qu-Nit states.
To be definite, let us start with a qu-Nit state, ρ, represented by a N × N matrix,
N = n ·m. Let us consider two orthonormal bases, {|ej〉, j = 1, ..., n}, {|fj〉, j = 1, ...,m} ,
for the complex vector spaces Cn,Cm respectively, and let us introduce in the space of n× n,
respectively m×m complex matrices, the natural bases
Ejk = |ej〉〈ek|, j, k = 1, ..., n Fjk = |fj〉〈fk|, j, k = 1, ...,m . (57)
Hence, ρ may be rewritten as follows
ρ = E11 ⊗R11 + E12 ⊗R12 + ...+Enn ⊗Rnn =
n∑
j,k=1
Ejk ⊗Rjk (58)
with Rjk m×m complex matrices defined by
Rjk =
m∑
p,q=1
〈ej ⊗ fp|ρ|ek ⊗ fq〉Fpq (59)
so to have ρ rearranged into n2 blocks, each one of m×m dimension
ρ =

 R11 R12 .. R1n.. .. .. ..
Rn1 Rn2 .. Rnn

 (60)
We then define a n × n matrix ρ1 by taking the partial trace over the second element of the
tensor product
ρ1 := Tr2 ρ =
n∑
j,k=1
Ejk TrRjk (61)
Alternatively, we can trace over the first element of the tensor product. Since TrEjk = δjk, we
obtain a m×m matrix, ρ2
ρ2 := Tr1 ρ =
n∑
j,k=1
δjkRjk = R11 + ...+Rnn. (62)
We can actually exchange the role of the two bases, Ejk, Fjk and express ρ as follows
ρ = R˜11 ⊗ F11 + R˜12 ⊗ F12 + ...+ R˜mm ⊗ Fmm =
m∑
p,q=1
R˜pq ⊗ Fpq (63)
with R˜pq n× n complex matrices defined by
R˜pq =
n∑
j,k=1
〈fp ⊗ ej | ρ |fq ⊗ ek〉Ejk (64)
Dichotomic probability representation of quantum states 13
so to have ρ rearranged into m2 blocks of n× n dimension
ρ =

 R˜11 R˜12 .. R˜1m.. .. .. ..
R˜m1 R˜m2 .. R˜mm

 (65)
We then define a n× n matrix, ρ˜1, by taking the partial trace over the second element of the
tensor product in Eq. (63)
ρ˜1 = Tr2 ρ =
m∑
p,q=1
δpqR˜pq = R˜11 + ...+ R˜mm. (66)
By tracing over the first element we get instead
ρ˜2 = Tr1 ρ =
m∑
p,q=1
(Tr R˜pq)Fpq. (67)
Before showing that ρ1,2, ρ˜1,2 are all density states, namely nonnegative, Hermitean, trace-one
complex matrices, for any value of n,m, let us see how the construction works for the simple
case of qu-quart states with n = m = 2,
ρ =


ρ11 ρ12 ρ13 ρ14
ρ21 ρ22 ρ23 ρ24
ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44

 =
(
R11 R12
R21 R22
)
, (68)
with R11 = R
†
11, R22 = R
†
22, R21 = R
†
12, 2 × 2-block matrices. The general expressions given
above reduce therefore to
ρ1 = ρ˜2 =
(
TrR11 TrR12
TrR21 TrR22
)
and ρ2 = ρ˜1 = R11 +R22. (69)
It is readily seen that the latter are Hermitian and trace-one matrices
ρ†1 = ρ1, Tr ρ1 = 1; ρ
†
2 = ρ2, Tr ρ2 = 1. (70)
Nonnegativity is proven below, directly for the general case of a qu-Nit, with N = nm.
To this aim, we shall need the following well known results (see for example [33, 34]:
Proposition 3.1. Let B(H) denote the bounded operators on a Hilbert space H. For any
positive operator B ∈ B(H) there exists an operator A ∈ B(H) such that
B = A†A.
Proposition 3.2. A density state, ρ, is a positive linear functional over B(H) iff it is
nonnegative when evaluated on the positive elements of B(H), that is,
ρ(A†A) ≥ 0
with A ∈ B(H).
The we can state the following
Theorem 3.1. For a given N×N nonnegative trace-one Hermitian matrix, with N = nm,
the reduced matrices ρ1,2, ρ˜1,2, defined in Eqs. (61), (62), (66), (67), are trace-one Hermitean
nonnegative matrices, i.e. they are quantum states.
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Proof. Hermiticity and trace-one property are an immediate consequence of ρ = ρ†,Tr ρ = 1.
In order to prove nonnegativity of ρ1 we advocate the two propositions quoted above. Let
us take ρ in the form (58) and evaluate it over the positive operator (A⊗1)†(A⊗1) = A†A⊗1.
According to Prop. 3.2 we have
0 ≤ ρ(A†A⊗ 1) =
∑
j,k
Ejk(A
†A)TrRjk = ρ1(A
†A)
that is, according to Prop. 3.1, ρ1 is nonnegative. Nonnegativity of ρ˜2 can be proven in the
same way, by representing ρ in the form (63).
Analogously, to prove nonnegativity of ρ2 we take again ρ in the form (58) but evaluate
it over the positive operator (1⊗A)†(1⊗A) = 1⊗A†A. According to Prop. 3.2 we have
0 ≤ ρ(1⊗A†A) =
∑
j,k
Ejk(1)Rjk(A
†A) = ρ2(A
†A)
that is, according to Prop. 3.1, ρ2 is nonnegative. Nonnegativity of ρ˜1 can be proven in the
same way, by representing ρ in the form (63).
3.1. Polynomial roots of probabilities
As a direct consequence of Theorem 3.1 we may derive new interesting inequalities. To this,
let us consider the characteristic polynomial in λ, associated to ρ, N ×N , Hermitean, positive,
trace-one matrix, which may be written as
det (ρ− λ1) =
N∑
k=1
ckλ
k =
N∏
k=1
(λ− λk),
where λk ≥ 0, k = 1, ..., N are the eigenvalues of ρ, and
∑
λk = 1. Then, the solution of the
eigenvalues equation
det (ρ− λ1) = 0 (71)
yields a probability vector (λ1, ..., λN ). By virtrue of Theorem 3.1, the following Corollary
holds
Corollary 3.1.1. Let N = nm, ρ a qu-Nit and ρ1, ρ2 respectively n-and m-dimensional states
defined in Eq. (61), (62). Let us consider the associated characteristic polynomials
det (ρ1 − λ1n×n) =
n∏
s1=1
(λ− Λs1), (72)
det (ρ2 − λ1m×m) =
m∏
s2=1
(λ− Λ¯s2). (73)
Then,
0 ≤ Λs1 ≤ 1 0 ≤ Λ¯s2 ≤ 1. (74)
Moreover, the map which associates to the probability distribution λ1, λ2, . . . , λN the probability
distributions Λ1,Λ2, . . . ,Λn and Λ¯1, Λ¯2, . . . , Λ¯m, is bijective.
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By explicitly computing the LHS of Eqs. (72),(73) one can derive bounds on the
determinant of the states ρ1, ρ2. Similar inequalities can be obtained starting with ρ˜1, ρ˜2,
defined in Eqs. (66), (67).
As an example, let us consider the case of N = 4. With a straightforward calculation we
find
Λ1,2 =
1
2
[
1±
√
1− 4 det ρ1
]
=⇒ 0 ≤ det ρ1 ≤ 1/4,
(75)
Λ¯1,2 =
1
2
[
1±
√
1− 4 det ρ2
]
=⇒ 0 ≤ det ρ2 ≤ 1/4.
The inequality for the determinant of the state ρ1 can be easily checked to be true for the
general case N = 2m (ρ1 being two-dimensional again). We have then
0 ≤ (TrR11) (TrR22)− (TrR12) (TrR21) ≤ 1/4, (76)
or
(TrR11) (TrR22) ≥ (TrR12) (TrR21) , (TrR12) (TrR21) + 1/4 ≥ (TrR11) (TrR22) . (77)
The new inequalities are susceptible to be checked experimentally for density matrices
obtained within the framework of quantum tomography approach.
4. New information-entropic inequalities for nonnegative trace-one
Hermitian matrices
As an application of the results of previous sections, we derive in this section new information-
entropic inequalities for density states. By using Eqs. (46)-(48), we can express the dichotomic
probabilities (p
(jk)
a , 1−p(jk)a ), a = 1, 2, 3 in terms of the matrix elements of ρ. Upon substituting
them in expressions like von Neumann or Tsallis relative entropy we get the desired inequalities
as follows.
For dichotomic variables relative von Neumann entropy reads
SvN = −[p ln p+ (1− p) ln(1− p)] ≥ 0 (78)
so that
−[p(jk)a ln
p
(jk)
a
1− p(jk)a
+ ln(1− p(jk)a )] ≥ 0 (79)
Analogously, for Tsallis relative entropy we have
STs = (1− q)−1{(p(jk)a )q(p(jk)b )1−q + (1− p(jk)a )q(1− p
(jk)
b )
1−q − 1} ≥ 0. (80)
In the particular qu-bit case, we can drop the (jk) index, and get
p1 =
1
2 +Reρ12 1− p1 = 12 − Reρ12
p2 =
1
2 − Imρ12 1− p2 = 12 + Imρ12
p3 = ρ11 1− p3 = 1− ρ11
(81)
and Eq. (79) becomes
ln
√
1
4
− (Re ρ12)2 +Re ρ12 ln
1
2 +Re ρ12
1
2 − Re ρ12
≤ 0 (82)
ln
√
1
4
− (Im ρ12)2 + Im ρ12 ln
1
2 +Re ρ12
1
2 − Re ρ12
≤ 0 (83)
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Assuming a = 1, b = 2 Eq. (80) for the Tsallis relative entropy becomes in turn,
(1−q)−1{(1
2
+Reρ12)
q(
1
2
−Imρ12)1−q+(1
2
−Reρ12)q(1
2
+Imρ12)
1−q−1} ≥ 0.(84)
Finally, in the qu-Nit case, with N = 2n, we can apply our findings to the 2× 2 state
ρ1 =
(
TrR11 TrR12
TrR21 TrR22
)
, (85)
and obtain, from inequalities (82),(83), (84), new inequalities by substituting ρ12 with TrR12.
5. Conclusions
To conclude, we point out the main results of our study.
We proved that a N -dimensional density state, ρ, has matrix elements which can be
parameterized in terms of dichotomic probability distributions and we discussed the dependence
of such a representation on the chosen basis of rank-one projectors. The expression of matrix
elements ρjk of the qu-Nit in terms of dichotomic probabilities is the argument of Theorem
2.1. The probabilities p
(jk)
a satisfy the Silvester criterion of nonnegativity of the density matrix
ρ. These rigorously proven expressions for the density matrix of qu-Nit states in terms of
dichotomic probabilities p
(jk)
a are the main result of this study.
It is worth noting that a possibility to reconstruct the matrix elements of the density
operator in discrete basis was suggested in [37] without obtaining the dichotomic probability
representation of the density matrix; it was related to experiments where photon-number
distributions were measured to determine the density matrices of photon states.
Upon elaborating on previous conjectures [20]-[28], we proved that it is possible to define
reduced matrices from the original qu-Nit, where N = nm, and obtain smaller n×n- andm×m-
dimensional matrices, which keep the properties of the initial matrix ρ = ρ†, Tr ρ = 1, and ρ ≥ 0
of being states. The theorem can be extended iteratively to matrices with N = n1n2 · · · nm.
We obtained new relations for the determinants and eigenvalues of reduced states. We
derived new inequalities, including entropic inequalities for the matrix elements of the qu-
Nit, which provide new relations for its matrix elements. These inequalities can be employed
to control the accuracy of experiments where density matrix elements are reconstructed, in
particular by using tomographic methods.
Having described states of quantum systems by means of sets of dichotomic probabilities,
every state transformation, including its dynamical evolution, can be reformulated in terms
of transformation of the probability distributions. For example, for systems coupled to an
environment (open systems) the Markovian or non-Markovian evolution of qu-Nit states studied
in [38] could be mapped onto the time evolution of the associated dichotomic probabilities. We
plan to perform such an analysis in a forthcoming publication.
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